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Abstract 



^ \ This paper is concerned with the existence and uniqueness of weak solutions to the 

Cauchy-Dirichlet problem of backward stochastic partial differential equations (BSPDEs) 
with nonhomogeneous terms of quadratic growth in both the gradient of the first un- 
known and the second unknown. As an example, we consider a non-Markovian stochastic 
optimal control problem with cost functional formulated by a quadratic BSDE, where the 
corresponding value function satisfies the above quadratic BSPDE. 
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\C, 1. Introduction 

Denote by T the fixed time duration [0,T]. Let (fl, {&t}teTi ^) be a complete 
filtered probability space on which a do- dimensional standard Wiener process W t = 
(W/, . . . , Wf°)' is defined such that {^t}teT is the natural filtration generated by W 
CNj ! and augmented by all the P-null sets in We denote by & the predictable cx-algebra 

associated with {^t}ter- 

In this paper we consider the Cauchy-Dirichlet problem for the following parabolic 
quadratic backward stochastic partial differential equation (BSPDE in short) 

5— i 

du = - [(a ij u x3 + <J ik q k ) x r + f(t, x, u, u x , q)] dt + q k dW t k , (1.1) 



with the terminal-boundary condition 



u{t,x) = 0, t ET, x E dV, 

u(T,x) = f(x), x ET>. 



1.2) 



Here D is a simply connected and bounded region in the Euclidean space ~R d and we 
use the convention that repeated indices imply summation. By the terminology "super- 
parabolic" (resp., "degenerate") we mean the condition that there exist positive constants 
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k and K such that 

Kl d + {a ik ){a jk )* < 2(a«) < KI d . (1.3) 
(resp., 2a ij ' - (o- ife )(<r J ' fe )* > 0.) (1.4) 

And "quadratic" means that 

\f{t,x,v,p,r)\ < X {t,x) + Xi\v\ + 7(M)(M 2 + \r\ 2 ), 

for some positive constant Ai, bounded predictable field Ao, and increasing function 7(-) : 
R+ R+. We refer to (/, ip) as the parameters of BSPDE (TO]) -(TO). 

BSPDEs are generalized backward stochastic differential equations (BSDEs in short) 
with values in function spaces. Linear BSDEs were initiated by Bismut |2j as the adjoint 
equations in 1973 when he studied the stochastic maximum principle of stochastic optimal 
control problems. In 1990, Pardoux and Peng 28| introduced the general nonlinear BSDEs 



with Lipschitz continuous generators. In the last two decades, extensive research on such 
kind of equations has indicated that BSDEs can serve as a powerful tool in many fields 
such as mathematical finance, stochastic control, and partial differential equations (PDEs 



in short). See among others [17j], [27|], |29J, [30j. Since this paper is inspired by the 



study of quadratic BSDEs, a kind of BSDEs with generators of quadratic growth in the 
martingale term, we mainly introduce the development in this direction. The motivation of 
studying quadratic BSDEs derives from the feedback representation of the optimal control 
in the setting of linear quadratic stochastic control problem where the related backward 
stochastic Riccati equation (BSRE in short) turns out to be a quadratic BSDE. Bismut 
[i| first considered BSREs in a special case where the generator depends on the second 
unknown in a linear way. Later Peng [3l[ applied Bellman's principle of quasi-linearization 
to deal with relatively general BSREs. In 2000, Kobylanski [3] developed a quite useful 
technique, the idea of which is from the Cole-Hopf transformation in PDE theory, to 
overcome the difficulty from the quadratic growth of the generator in the martingale term 
and obtained the existence result in one-dimensional case. Numerous literatures later 
were devoted to solving the challenging problem concerning the existence and uniqueness 
of solutions to BSREs in multidimensional case, among which we refer @, Q, 0, 0, 
22], iil and the references therein to show the theoretical developments. Until 2003, 
Tang 35) gave a complete solution to this long standing problem by a new constructive 
method. In addition, general BSDEs with quadratic features are also applied to describe 
the value functions and corresponding optimal trading strategies in utility maximization 
problems (see e.g. [lij], 33j]) and appear naturally in the study of the BSDEs on manifolds 



(see e.g. jj], jij]). For the recent theoretical progress on the existence and uniqueness of 
solutions to quadratic BSDEs, one can refer to jg], Q. 

As the infinite dimensional counterparts of BSDEs, BSPDEs also arise from stochastic 
optimal control theory. For instance, they serve as the adjoint equations in the formulation 
of the stochastic maximum principle for controlled stochastic differential equations (SDEs) 
with partially observed information (see e.g. E| , jiij]) or controlled stochastic parabolic 
partial differential equations (see e.g. [26j], jioj). Value functions of the stochastic op- 
timization problem of controlled non-Markovian SDEs, according to Bellman's optimal 
principle and Ito-Wentzell's formula, have been shown to satisfy the so-called stochastic 
Hamilton- Jacobi-Bellman (HJB) equations, a class of fully nonlinear BSPDEs (see e.g. 
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|3l|). As for their important applications to issues from financial models with random 
parameters, we refer to 14] and [24j . 

The theory of BSPDEs is more rich since such equations have features of both BSDEs 
and PDEs. The theory on existence, uniqueness and regularity of solutions to Cauchy 



problem of BSPDEs is fairly complete. See [111 ]. [39], [10| for non-degenerate BSPDEs 



and [13(, [16], [25|], [36| for the more difficult degenerate case. However, discussions on 



Methods 



Cauchy-Dirichlet problem are relatively less, and one can refer to [12| and [37 
mainly applied to handle BSPDEs include: techniques of semigroup of operators in the 
case of BSPDEs with deterministic coefficients, adjoint arguments closely related to the 
theory of forward SPDEs, probabilistic representation methods depending on the theory of 
forward-backward stochastic differential equations (FBSDEs), and PDE's techniques, such 
as frozen coefficient method and continuation method. The last two methods are proved to 
be powerful to handle degenerate BSPDEs. To the best of our knowledge, in the literature 
the nonhomogeneous term of a BSPDE has at most linear growth in the second unknown. 
As a generalization of the BSDE considered by Kobylanski [l8( to infinite dimensional 
case, in this paper we first explore the Cauchy-Dirichlet problem of a BSPDE with a 
nonhomogeneous term that has quadratic growth with respect to both the gradient of the 
first unknown and the second unknown. A change of variables scheme is implemented 
to establish the existence and uniqueness of weak solutions to non-degenerate BSPDEs 
with the above quadratic nonhomogeneous terms. We also demonstrate its application in 
a non-Markovian stochastic optimal control problems. 



our 



As indicated in Remark I4.1[ 
approaches and results can be easily extended to the case of the whole space M. d , that is, 
the Cauchy problem. 

The rest of this paper is organized as follows. In section 2 we introduce some notations 
and preliminary results. Section 3 and section 4 are devoted to the existence and unique- 
ness of solutions to the Cauchy-Dirichlet problems of quadratic BSPDEs, respectively. In 
section 5, an example of quadratic BSPDEs is demonstrated in the context of a stochastic 
optimal control problem with cost functional formulated by a quadratic BSDE. 



2. Notations and preliminaries 

For a given Banach space B and a constant p G [1, oo], we denote by If^iVt x T; B) 
the space of all £>-valued predictable processes X : Q x T — > B such that E j Q \\X t \\^dt < 
oo. We also denote by C(T;£>) the space of all B- valued continuous adapted processes 
X : Q x T — > B such that Esup tg7 - ||At||| < oo and by L P (E) the space of all real valued 
measurable functions / defined on a measure space (E,£,fi) such that f E \f\ p dn < oo. 
For simplicity we denote 

h p := L%(nxT;L p (V)). 

For a vector q G M d , q % means its z-th component, i = 1, 2, ■ ■ • , d. For a function u 
defined on ~R d , u x i or DiU means the derivative of u with respect to x i . u x or Du, stands 
for the the gradient of u, and D 2 u stands for the Hessian of u. 

For a integer m, we simply denote by H m {T>) and H™(T>) the Sobolev spaces W m,2 {T>) 
and W™' 2 (V), respectively, with inner product (•, -) m . With the above notations, we 
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simply denote 

U m (V) := L%(Q x T; H m (V)), m = -1, 0, 1, 2, . . . , 
H£(P) := L%(n x T; # n (£>)), n = 1, 2, 3, . . . , 
B. m (V;R do ) := (W n (V)) d °. 

And we denote by C£°(X>) the space of infinitely differential real functions with compact 
support defined on V. 

We first introduce the notation of weak solution to the BSPDE ( 11. II) . 

Definition 2.1. A pair of random fields (u, q) G Hq(P) x M°(V; is said to be a weak 
solution to BSPDE (ED if for every rj G C °°(£>), 



u(t, x)r](x)dx 



v 



tp(x)r](x)dx + 



v 



t JV 

+ /(s, x, u(s, x),u x (s, x), q(s, x))rj(x) 



(cf^s, x)u x j(s, x) + cr ifc (s, x)q k (s, x))r) x i(x) 



(2-1) 



g fe (s,x)?7(x)d:EcfW s ' i 



cflP x (it -a.e.. 



We present a generalized Ito's formula and a comparison principle for weak solutions 
to BSPDEs, the proof of which one can refer to ^ or j32[. 

Lemma 2.1. Suppose f° G V-{V), f\q k G B°(V), i = l,...,d, k = l,...,d , and 
u G HJ(X>) n C(T; L 2 (£>))• ///or any 77 G C§°(£>), 

(u(t),r l ) = (u(T),r l ) +£ [(f°(s),r l ) -(r(s),r ]xI ) \ds-^(q k (s),r ] ) dW k , W G T, a.s. 
it ao/ds £/iat /or even/ ^ swcn £/iat ^' and ip" are bounded and ip'(0) = 0, 



ip{u(t, x)) dx 



v 



T 




n Jv 



ijj(u(T, x)) dx 
1 



ip' - ip"(u)u x if - -V" 2 J (s, x) dxds 



(2.2) 




ip' k (s,x)dxdW k , Vt G T, o.s.. 



Lemma 2.2. Let (ui,gi), (u 2 ,q 2 ) G Mj(X>) x e°(£>;R d °) be weak solutions to BSPDEs 
with parameters (fx,ifi) and (/ 2 ,y? 2 ), respectively. Assume 

(i) For any {v,p, r) G M x M. d x M. d ° , /$(-, u ,p, r) is 3? x 38 (V) measurable, i = 1, 2. 
Moreover, there exists a constant L > sitc/i t/iot /or any (vi,pi,ri), (n 2 ,p 2 ,r 2 ) G K x 



i d x , 



|/<(t,a;,vi,pi,ri) - x, n 2 ,p 2 , r 2 )| 
< L(\v 1 -v 2 \ + |pi -p 2 | + b"i-r 2 |), V(w,t,x) eVtxT xV, i = 1,2. 

(«; /*(•, 0,0,0) gh°(d), 2 = 1,2. 

fmj y»i : x P — > E zs #r x 3§{V) measurable, and (fi G L 2 {VL x V), i = 1, 2. 
//Vi < ^2 owe? /i < / 2 , we have U\ < w 2 . 
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Using a similar procedure in Proposition I3.2[ we have 

Corollary 2.3. Let the parameters {f,<f) of BSPDE (ll.ll) - (ll.2p satisfy the assumptions 
in Lemma \2.2\ and let (u,q) be a weak solution to BSPDE (ll.ll) - (ll.2p with parame- 
ters (/, ip). Suppose ( : T — > [0,oo) satisfies the ODE ((t) = —g(t,((t))- Then, if 
f(u,t,x,((t),0,0) < g(t,((t)), we have 

u(t,x) < C(t), dF x dx a.e., Vt G T. 

Finally, we give a simple but useful result, which will be used frequently in the subse- 
quent argument. 

Lemma 2.4. Let jjL Q = X + 2K ■ Then for any vectors p E~R d and r G R do ; it holds that 

2a ij p i p> + 2a ik p i r k + |rf > ^{\p\ 2 + |r| 2 ). (2.3) 

3. The existence of solutions 

Throughout this paper we always assume that coefficients a 1 - 7 = and o~ lk are & x 
3§{T>) measurable and bounded functions, i, j — 1, . . . , d, k — 1, . . . , do. As for coefficients 
/ and tp, we assume in this section 

(HI) (i) For every (v,p,r) G R x R d x R d °, /(•, ■, -,v,p,r) is & x 38 (V) measurable. 
And for every (u,t,x), f is continuous with respect to (v,p,r). 

(ii) There exist a positive function Ao G L°°nL 2 , a positive constant Ai and a increasing 
function 7(-) : R + — > R + such that for every (u,t,x,v,p,r), 

\f(t,x,v,p,r)\ < A (t,a;) + A 1 M + 7(M)(H 2 + |r| 2 ). 

(H2) <p: tt x V -> R is & T x 3§(V) measurable and (p G L°°(fi x V) n L 2 {Q x £>). 
The main theorem of this section is 

Theorem 3.1. Suppose (11. 3D . (HI) and (H2) hold. Then there exists a weak solution 
(u,q) G Ml(V) x H°(£>;R d °) to BSPDE (Ofi- fTO]) . and u G L 2 (ft; C^T; L 2 (£>))) H L°°. 

3.1. Boundedness and convergence 

To prove Theorem 13.11 we need to establish a prior estimates. To the end of this 
subsection, we first strengthen the condition (ii) in (HI) to the case 

\f(t,x, v,p, r)\ < \ (t,x) + Ai|v| + A Mo (b| 2 + |r| 2 ), (3.1) 

where A is a positive constant. 

Proposition 3.2. Let (O) . (jO) and fH2j fte satisfied. Suppose (u,q) G H£(£>) x 
M°(V; R d °) zs a weaA; solution to BSPDE (Oj) - <0]1 and m addition u G C(T; £ 2 (£>)) n 
L°°. T/ien, 

IKV)llz-(nxT>) < J!^=.( c ^C r -*) - 1) +e Al ^-^||^|Uo. (axX , ) , Vt G T. (3.2) 

Moreover, there exists a constant C\ depending only on ||w||l°°, ||v ? ( a; )IU 2 (nxD); ||Ao||l 2 , 
Ho, \, Ai and T, such that 

\\ u x\\w (t>) + lklle°(©) ^ Ci- (3-3) 
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The next result shows that the existence of solution to BSPDE (]l.ip ~ (jl.2|) can be 
obtained by an approximation scheme. 



Proposition 3.3. Suppose that a sequence of functions {f n ) n >i and f satisfy (HI) and 
that a sequence of functions (ip n ) n >i and ip satisfy (H2). Furthermore, we assume 

(a) For every (u,t,x), the sequence {f n ) n converges to f on IR x M. d x M. d ° locally 
uniformly and the sequence {f n ) n converges to ip in L°°(Q x T>) as n — > oo. 

(b ) There exist a positive constant A and a function A2 G L°° fl L 2 such that 
\f n (t,x,v,p,r)\ < X 2 (t,x) + A/i (b| 2 + \r\ 2 ), V n G N, V (u, t, x, v,p, r). 

(c) For every nGN, BSPDE with parameters (f n , (p n ) has a weak solution 
(u n , q n ) G Ml(V) x B°(V; R d °), u n G L 2 (ft; C(T; L 2 (V))) n L°°, 

and (u n ) n is a monotone sequence. Moreover, there exists a positive constant M such 
that < M for all n G N. 

Then, BSPDE (TTT]) - (|0]) has a weak solution (u,q) G H£(£>) x B°(V;R d °) which 
satisfies 

lim u n = u uniformly on Q x T x T>, 
lim q n = q in U°(V; : 



and moreover u G L 2 (Vt; C(T ; L 2 (V))) n L°°. 

The proofs of the above two Propositions are both technical and lengthy and thus are 
arranged in the appendix section. 

3.2. Change of variables 

This section is devoted to the change of variables between two weak solution. To be 
more precise, we justify that the exponential change of variables of a weak solution to 
some BSPDE is also a weak solution to another corresponding BSPDE. This technique is 
crucial in the proof of Theorem 13.11 in the next section. 

We consider the following equaiton 



dv = - [{a ij v xj + a ik r k ) xl + F] dt + r k dW t k , 
v\ T xdv = 0, v(T) = e^ - 1, 



(3.4) 



where F is a function defined on Q x T x T> . Set 



u = hn(v + l), q= r (3.5) 
A \{v + 1) 



Applying Ito's formula formally to u, we obtain (u, q) satisfies the BSPDE 



du = — [(a lj u x j + a lk q k ) x i + f(t, x, u, u x , q)] dt + q k dW t 
u\rxdv = 0, u(T) = (p, 



k 

t ' 



(3.6) 



where ^ 

f(t,x,u,u s ,q) = \- l e~ Xu F{t,x) + X(a ij u x ^u x , + a ik u x ^q k + -\q\ 2 ). (3.7) 
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Lemma 3.4. Suppose F and ip are both bounded functions. Let (v,r) be a weak solution 
to BSPDE (13.41) and satisfy 0<7<t> + l<r< oo ; where 7, Y are constants. Then 
the pair of random fields (u, q) defined by (13.51) is a weak solution to BSPDE (13. 6p . 

Proof. For any given test function r\ G Cq°(V), set K := supp^), e = dist(iT, dV). 
We further choose a nonnegative function ( G Cq°(V) such that: 



supp(C) C {|x| < 1}, / ((x)dx = 1, 

JR d 



and define 



C(x) =e- d ax/e), Vee(0,e ), 
v £ (x) = C * v(x), Vx G 
r e (x) = ( e * r(x), Vx G 

Since (v, r) is a weak solution to equation ( 13. 4ft . we know from the definition of (v £ , r £ 
that the pair (v £ ,r £ ) satisfies 

v £ (t,x) = v £ {T,x) + J {A[C £ * {a ij D jV + a ik r k )] + C £ * f}(s, 
r £ ' fc (s,x)cW s fc , V(t,x) ETxK. 



Setting 



u e = -J-]n(v 6 + l), g £ 



A * A(^ + l)' 

then we have u £ x = X (v*+i) • Applying It6' s formula to u £ , we get 

w £ (t,a;) - w £ (T,x) 

= jf xr^T 1) ' i D% ^ * + + c * x)ds 

+ / -\q £ {t,x)\ 2 dt - j q £ (s,x)dW s , \/(t,x)eT X K. 
Jt 2 J t 

Multiplying 7] on both sides of the above equality and integrating over K , applying Fubini's 
theorem and the fact that K = supp(^), we have 

u £ (t, x)rj(x) dx — / u £ (T,x)r](x) dx 

K JK 
T r 1 

j A [C £ * (a^Djv + a ik r k )] + ( £ * Fj{s,x)7]{x) dxds (3.8) 




t JK 



\{v e + 1) 

/ \q e (s, x)\ 2 rj(x) dxds — / . 

It JK Jt JK 



+ 2 I I l^ £ ( s ' x )\ 2 v( x ) dxds — j j q £ (s,x)rj(x) dxdW s 
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Green's formula yields 

u £ (t, x)rj(x) dx — / u £ (T, x)rj(x) dx 

K JK 

[C * {a^v xJ + a lk r k )} — \ J 7 1 (s, x) dxds (3.9) 




n jk dx* 

rT r . i X 



.X(v e + 1)J 

+ I f { X (J + fj ^ * F) + ^\Q £ \ 2 }( s > x Mx) ds - J J^q £ (s,x)r](x)dxdW s 



In what follows we will take limits as e — > on both sides of (13.91) . First, for every 
h G L p (M. d ) with p G [1, oo)), ( £ * h converges strongly to h in L p (M. d ) as e — > 0. Moreover, 
we know that 

(i) It is easy to verify that A -1 In 7 < u < A -1 lnT; 

(i) The fact that (v, r) is a weak solution to equation f l3.4[) indicates that i> G H 1 (T'), r G 
H°(£>), which implies + a ifc r fc G H°(X>); 

(iii) Since u is bounded, q G EI ('D). 
Then, letting e — > in the equality (13. 9p . we have 



u(t, x)rj(x) dx — / u(T ', x)r)(x) dx 

K JK 



n jk ax 




T) 



Is, x) dxds (3.10) 



.X(v + 1). 

+ / / Itt 7\ ^ 7;\l\ 2 \( s ^ x )v( x )ds — [ I q(s, x)rj(x) dxdW s 




t J K iX(v + l) 2 




t JK 




Substituting e — 1 and Ae q for v and r respectively, we have 

u(t, x)rj(x) dx — / u(T, x)rj(x) dx 
p Jv 

T r 

(a lj u x j + a lk q k )(s,x)r] x i(x) dxds (3.11) 

it Jv 

+ / / f{s,x,u,u x ,q)r]{x)dxds — / / q(s, x)rj(x) dxdW s , 
Jt Jv Jt Jv 

where f(s,x,u,u x ,q) is given in (13.71) . 

We can deduce from the arbitrariness of r\ in (13.111) that (u, q) is a weak solution to 
equation (13.61) . □ 

3.3. Proof of Theorem{3J\ 

We are now in a position to prove Theorem 13.11 We first assume (13. ip holds, i.e., 

\f{t,x,v,p,r)\ < X (t,x) + X 1 \v\ + Xfi (\p\ 2 + |r| 2 ). 

Denote M = lM^( e A i T - 1) +e XlT y\\ L ^ (nxV) . By Proposition E2J if (u, q) is a weak 
solution to BSPDE (TTT]1 -(011 and u is bounded, we have «(•) < M. 
Set 

v = e 2Xu - 1, r = 2Ae 2A > 
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Then (v, r) formally satisfies 



where 



dv = - [(a ij v x j + a ik r k ) x i + F(t, x, v, v x , r)] dt + r k dW t 
v\rxav = 0, v(T) = e 2X ^-l, 



F(t,x,v,p,r)= 2X(v + l)f[t,x, — \n(v + l), 



k 

t ' 



(3.12) 



2(« + l 

Take a function ^ e C°° such that 



2A v " 2A(v + 1) ' 2A(v + 1) 
1 (2a i W + 2a ifc A fe + |r| 2 ). 



. , ,1, 2 e[e- a V M ], 

W ~ 1 0, Z $ [ e -2A(M+l) )e 2A(M+l)] 



and denote F(t,x,v,p,r) = ip(v + l)F(t,x,v,p,r). From (13. ip and Lemma EH we know 

(3.13) 



-c(r ! I ) 2A(||A || L ~ + Ax + AiM) (t> + 1) + ^f(|p| 2 + |rf) 

f + 1 



< F{t,x,v,p,r) < 2A(||A ||l- + Ai + A 1 M)V'(v + 1)(v + 1), 

where Ck,^ is a constant depending on .K" and fi . 

Using the same method as [18|, pp. 572 ], we can construct a sequence of functions 
{F n (t, x, v ,p, r) : n > 1} such that 

(a) For every n and any (u, t, x), F n (t, x, v, p, r) is uniformly Lipschitz continuous with 
respect to (v,p, r). 

(b) The sequence (F n ) n is decreasing, and for almost every (u),t, x), F n (t,x,v,p,r) 
locally uniformly converges to F(t,x,v,p,r) on K x M. d x Additionally, 

F(t, x, v, p, r) < F n (t, x, v, p, r) 

< 2A(||A || LO o + Ax + AiM)V»(v + l)(v + 1) + 2~ n . 



By Lemma 2.3 in [12[, BSPDE 

^™ = - [(a ij v^ + a ik r n ' k ) x i + F n (t, x, v n , v%, r n )] dt + r n ^ k dW i 



v 



\rxav = 0, v n (T)=e 2X ^-l, 



k 

t ! 



has a unique weak solution (v n ,r n ) G Mq(T>) x H°(P). Moreover, on account of Lemma 
2.2[ we know that for every nGN, v nJrX < u". On the other hand, applying Corollary 12.31 
and meanwhile noticing inequality ( 13. 13[) . we have 

e -2A(M+l) _l <v n < e 2A(M+l)_ 

Setting 

huy + 1) r" 
2A ' 9 2A(«» + 1)' 
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we can deduce from Lemma [3.41 that (u n , q n ) is a weak solution to the equation 



du n = - [(a ij u^ + a ik q n ' k ) x i + f n (t, x, u n , <, q n )] dt + q n > k dW t 
u n \rxdi> = 0, u n (T) = p, 



k 

t > 



where 



f n (t,x,v,p,r) = ^-F n (t,x,e 2Xv -l,2Xe 2Xv p,2Xe 2X '"r) 
+ X(2a^p i p j + 2a ik p i r k + \r\ 2 ). 

In view of the properties (a) and (b) of F n , it is easy to verify that f n satisfies the 
conditions in Proposition 13.31 and the corresponding limit is 

f(t,x,v,p,r) 

= ttt-^F^, x, e 2Xv - 1, 2Ae 2A >, 2Ae 2A V) + X(2a ij p i p j + 2a lk p i r k + |r| 2 ) 

= ^(e 2Xv )f(t,x,v,p,r) + [1 - ^(e 2A lA(2a y pV + 2a tk p l r k + |r| 2 ). 

Therefore, from Proposition 13.31 we know the following equation 

du = - [(a ij u x j + a ik q k ) x i + f(t, x, u, u x , q)] dt + q^dW k , 
u\rxdv = 0, u(T) = tp, 

has at least a weak solution (u, q) G EIq(X?) fl L°° x M°(T>; W d °). Furthermore, according 
to Proposition 13.21 we have \u(-)\ < M. We notice that when \v\ < M, 

f(t,x } v } p,r) = f(t,x,v,p,r). 

Therefore (u, q) is also a weak solution to BSPDE f ll.ip - fll.2p . 

Finally we prove the existence of solution to BSPDE ( 11. ip - ( 11. 2ft in the general case, 
i.e., condition ( 13. ip is replaced by (HI), 

\f(t,x,v,p,r)\ < X (t,x) + XM + 7(M)(M 2 + \r\ 2 )- 

Since the estimate (I3.2p in Proposition 13.21 is independent of A, we can use the trun- 
cation technique to complete the proof. 
Denote the sets 

E + :={{u,t,x,v,p,r) | / > A + Ai|u| + l{M){\p\ 2 + |r| 2 )}, 
E- := {(u,t,x,v,p,r) | - / > A + A x |v| + l(M)(\p\ 2 + |r| 2 )}, 

and recall M = \M^( e ^ T - 1) + e^ T y\\ L oo (nxV) . Let 

f Ao + A!|t;|+7(M)(|p| 2 + |r| 2 ), (u,t,x,v,p,r) E E+, 
f(u,t,x,v,p,r) = < f(u,t,x,v,p,r), (u, t, x, v,p, r) E + U E~, 

( -A -A 1 |i;|-7(M)(|p| 2 + |r| 2 ), (u, t, x, v,p, r) G E~ . 

Obviously / satisfies condition (13. ip . It follows from the previous arguments that BSPDE 

du = - [(a ij u x j + a ik q^) x i + f(t, x, u, u x , q)] dt + q^dW k , 
u\tx&d = 0, u(T) = tp, 

has at least a weak solution (u,q) G Hq(£>) x B°(V;R d °) and \u\ < M. However, 
when \v\ < M, 
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f(t,x,v,p,r) = f(t,x,v,p,r). 
Therefore, (u, q) is also a weak solution to BSPDE f li.ip -( flT2"l) . The proof is complete. 

4. The uniqueness of solutions 

Let M > be a fixed constant. For simplicity, we denote by z = (p,r) G R d+d ° for 
vectors p G R d and r G M d ° . We assume f(u, t, x, u, z) = f(u, t, x, u, p, r) satisfies 

(H3) there exist functions /(•) G L 1 (T x X>) nL°°(T xD), k(-) G L 2 (T) and a positive 
constant A such that for any (t,x) eT XV, u G [-M, M], and z G M d+cio , 

x, u, z)\ < l(t) + A\z\ 2 , a.s., 
\f z (t, x, u, z)\ < k(t) + A\z\, a.s.. 

Moreover, for any e > 0, there exists l E (-) G L^iT) such that for every (t, x) G T x V , 
ueR, z G M d+a!o , 

\f u (t,x,u, z)\ < l £ (t) + e\z\ 2 , a.s.. 
The main theorem of this section concerns the uniqueness of solutions to BSPDE 

(HID-O. 



Theorem 4.1. Let condition (H3) be satisfied. Suppose (u 1 ,^ 1 ) and (u 2 ,q 2 ) are both 
weak solutions to BSPDE (fL"l> (TOD and (u 1 ), |u 2 | < M. T/ien m 1 = u 2 . 

Proof. The first step. We first prove this theorem under a more stringent condition. 
Assume 

(H4) There exist a positive constant a and a function b(-) G L 1 (T) such that for every 
G T x £>, w G [— M, M], z G R d+d °, 

f u (t,x,u,z) + a\f z (t,x,u,z)\ 2 < b(t), a.s.. 

Denote u = u l — u 2 and q = q 1 — q 2 . Set u + = max(0, w). Applying Ito's formula 
(Lemma 12. II) . we have for any m > 2 and m G N, 



[u^{t,x)} 2m dx 

V 



T 

+ m(2m - 1) / / {u + ) 2{m - 1) (2a ij u xl u xJ + 2a ik u x ^+ \q\ 2 ){s,x) dxds (4.1) 
Jt Jv 

2m f [ (u h ) 2m - 1 f(s,x)dxds-2m [ f {u+) 2m - 1 q{s 1 x)dxdW s . 
Jt Jv Jt Jv 



Here 



f(s, x) =f(s, x,u ,u x ,q)- f(s, x,u ,u x ,q ) 

f v (E)d\)u+ ( [ f z (Z)d\)(u x ,q)', 



where 

(S) := (s, x, Xu 1 + (1 - X)u 2 , Xul + (1 - X)u 2 x , Xq 1 + (1 - A)g 2 ). 
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Cauchy-Schwarz's inequality yields 

(n+) 2m - 1 /< ( /\ /u + a|/,| 2 )(H)rfAVn + ) 2m + ^(?2 + ) 2 ( m - 1 )(|^| 2 +|^ 2 ). 



4a 



Noticing the inequality (12. 3 j) and assumption (H4), we can deduce from ( 14. ip that 



x)] 2m dx + m /i (2m - 1) - 



< 2m 



2a J 




a 



+\2(m-l) 



(\u x \ 2 + \q\ 2 )(s, x) dxds 



t Jv 




t Jv 



b(s)(u + Y m (s,x)dxds-2m / / (u + y m - L q(s,x)dxdW s 

Jt Jv 



Taking expectation on both sides of the above ineuality, we have 



E / [u + (t,x)Y m dx + m n (2m-l) 



v 



1 

2a 



E 




u 



+\2(m-l) 



(\u x \ 2 + \q\ 2 )(s, x) dxds 



t Jv 




<2m / b(s)E(u + Y m (s,x)dxds. 



t Jv 



Choosing m large enough such that Ho(2 m ~ 1) — 2a — ^' together with Gronwall's 
inequality, we know that E j v [u + (t,x)} 2m dx = 0, for all t 6 T. So h 1 < u 2 . 
In the same way we can prove u 2 <u l . Hence u 1 = u 2 . 

The second step. We will search for an appropriate change of variables to convert 
BSPDE (0]) -(01) satisfying (H3) to another BSPDE satisfying condition (H4). Let 



u 



1 (u), q = i/w(u), 



where is a smooth and increasing function to be determined with the condition 0(0) = 
and w(u) = <j)'{u) = 0'(0" 1 (m))- 

Suppose (u, q) is a weak solution to BSPDE (ll.ip - (ll.2l) . Analogous to the proof of 
Lemma 13.41 it is easy to verify that (u, q) is a weak solution to the equation 



du= — [(a ij u x j + a ik q k ) x i + F(t, x, u, u x , q)] dt + q k dW i 
u\rxdv = 0, u(T) = _1 (v?), 



k 

t > 



(4.2) 



where 



F(t,x,u,u x ,q) 



<f>'(u) 



f(t, x, <j)(u), <j>'(u)u x , <p'(u)q) 



+ -(f)"{u){2a i] u x ,u x3 + 2a ik u x ^q k + \q\ 2 ) 



(4.3) 



Therefore it is sufficient to prove the equation (14.21) has a unique bounded weak solution. 

We still denote z = (u x ,q) and z = (u x ,q). Obviously z = <p'(u)z. We denote by 
(A(t,x)z,z) the positive definite quadratic form 



2a lj u x iU x j + 2a lk u xi q h + \q\ 
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where A is a function with value in the space of symmetric positive definite matrices. We 
can deduce from Lemma 12.41 that 



(A(t,x)z,z) = zA{t,x)z! > Ho\z\ 2 - 



So (14. 3p can be rewritten as 

F(t, x, u, 1) 
By simple computation, 

F 2 (t, x, u, z) = 



f(t,x,(j)(u),(j)'(u)z) + -<f)"(u){A(t,x)z,z) 



w' w" 
/(*, x, u, z) + f u (t, x, u, z) + — (A(t, x)z, z) 

w' . . 

H zf z (t,x,u,z) 

w 

^{Az,z) + -(zf z -f) + f u , 
2w w 

w' 



Fz(t, x, u, z) =f z (t, x, u, z) H z. 



w 



If we can choose an appropriate <ft such that w > 0, w' > and w" < 0, from (H3) we 
have 



(^Fu + a|F ? | 2 j(t,x,M,F) 

"f(Az,z) + -(zf z -f) + f u + a 
2w w 



f , w 

fz + —Z 

w 



<: ^ — izf + 'HL 

~ " w 



2 w 
+ a 



kit) + A + 



l(t) + k(t)\z\ + 2A\z\ 2 +l £ (t)+e\z\ 

i\ 1 2 

W 



w 



< \ z 

+ u 

< \z 



— h2A he + a| A 

2 w w 



w 
w 



w 



kit) h 2afc(t) 



K) 



■ur 



Mo w 



2 io 



it) 



+ + + a[k{t)]' 



w 



e + 2a ( A H 



+ /(*) — + / £ (t) + (l + 2a)[A;(t)] 2 . 

Once we find a function such that besides w(u) > 0, w'(u) > and w"(u) < on 
[— M, M], 



Un u/' , W 1 

— — + 2A— + 

2 w 



■w 



< -5 < 0, 



we can choose a and £ small enough to assure that F(t,x,u,^) satisfies condition (H4). 
Then we will obtain the desired result. 
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Set 



1 ( Be m 

u = m = -^ mm 



i) e p Bu + 1 



where B > 1 and /3 > are constants to be determined. Obviously is a strictly 
increasing function and 0(0) = 0. By computation we know that for any u e [-M, M], 



w{u) 
w'(u) 
w"(u) 



B _ e -f5(u+M) > g 

-fe-ftv+M) < . 



Furthermoer, 



w 



Untt) 

— — + 2A— 

2 



w 



Pe- 



rn 

u+M) 



(5 _ e -p(u+M)y 



yU0 + 2 



/3 



-/3(m+M) 



We can choose appropriate /3 and B to assure the above equality negative. The proof is 
complete. □ 

Remark 4.1. In the case T> = M. d , we claim that the conclusions concerning the existence 
and uniqueness of solutions to BSPDEs in bounded domains are still valid. Indeed, setting 
gi _ p _ U ^ we k now that (u, q) is a weak solution to the BSPDE 

d 



du 



(Au + f + Ys^dt + q'dWt 



k 

t ' 



u(T,x) = <p(x). 

Approximating the coefficients f°, g\ i = 1, -^dL and ip by sequences of functions in the 
space C^°(lR d ), and applying Corollary 3.4 in 12J, we can prove that the Ito's formula in 
Lemma 12.11 is still valid. Once the Ito's formula is established, we can obtain the claim 
since in addition to the assumptions on the boundedness of coefficients, we require their 
corresponding integrability in appropriate spaces to avoid the item meas{T>) appearing in 
the estimates. 



5. Application to non-Markovian stochastic control problems 



Analogous to [3l|, in this section we give an example, a stochastic control problem 
with a recursive cost functional formulated by a quadratic BSDE, to illustrate that the 
corresponding value function will formally satisfy a kind of stochastic Hamilton- Jacobi- 
Bellman equations with quadratic growth. 

The stochastic HJB equation that we concern has the form 



-du(t,x) =-tr{[a(t,x)cr*(t,x) + Ti{t,x)TX*{t,x)]D 2 x u{t } x)^dt 

+ inf {f(t,x,u(t,x), ({D x u(t,x),a(t,x)} + q(t,x), 

{D x u(t,x),7i{t,x))),v) + (b(t,x,v), D x u(t,x))}dt 
+ (D x q(t, x), a(t, x))dt + q(t, x)dW t , 
u(T, x) = 4>(x). 



(5.1) 
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In what follows, we show its formal derivation from the context of a non-Markovian 
stochastic control problem. 

Suppose (B t ) te j- is another standard Wiener process which is independent of (W t )teT- 
Without loss of generality, we only consider the case where B and W are both one- 
dimensional. Denote by {^*}ter is the natural filtration generated by both W and B 
and augmented by all the P-null sets in & . We also denote by 3?* the predictable a 
-algebra associated with {^*}ter- 

We introduce the admissible control set 

Vt,T := {^OkO is a V-valued and measurable process defined on [t,T] and 



E 



/ v 2 (s)ds < oo}, 



where V is a compact set of R m . 

We consider the controlled system parameterized by the initial data (t, x) G T x R n : 

dx t,x;v = b ^ x t,x;v^ + X^dW, + 7r(s, X^ V )dB s , 

v t,x;v ( 5 - 2 ) 

X t ' = x, 
where the coefficients 

b : x T x R n x V ->■ R n , ffifixTxK"-)!", f : (] x T x R n ^R", 

satisfy 

(Al) 6, a and 7r are bounded functions and for every (x, v ) G R n x V, &(•, x, u), cr(-, x) 
and 7r(-,x) are ^ measurable processes. 
(A2) There exists L > such that 

\b(t, x, v) — b(t, x' , v')\ + \cr(t, x) — a(t, x')\ + |7r(t, x) — ir(t, x')\ < L(\x — x'\ + \v — t>'|). 

For a given admissible control v (•) G H,t, we consider the following BSDE 

dY t,*;v = _f( S} X t,x;v^ Y t,x;v^ z t,x;v ^ ^ + jto^ + Z[fdB.. 
Y*' x ' v =<f>{X^ V ), 

where we denote Z = (Z, Z). We assume that 

(A3) /:fixTxR n xRxR 2 xV r ^R satisfies condition (H3). 

(A4) The terminal value : Q x R n ->■ R is ^ T x ^(R n ) measurable and G 
L 2 (fi x R") fi x R n ). 

It is well known that under conditions (Al), (A2), (A3) and (A4), SDE (E2D and BSDE 
(15.31) have unique solutions, respectively. 

For a given admissible control v(-) G Vt,T, we introduce the associated cost functional 



J(t,x;v(-)) = E^Y t 



Thus the value function of the stochastic optimal control problem is 

u(t, x) := ess inf J(t, x; v(-)). 

v{-)ev t ,T 
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Since the related coefficients b, a, f and <f> are random functions, the value function u is 
a random field. We recall the generalized dynamic programming principle for the above 



control problem with recursive cost functional in [38|. For given initial data (t, x) G TxM n , 
a positive number 5 < T — t, and a random variable rj G L 2 (Q, ^ t * +5 ,P; M), we denote a 
backward semigroup by 

Here (Y s , Z s ) ae [ t) t+s\ is the solution to the following BSDE 

dY s = - f(s, Xf x ' v , Y s , Z„ v s )ds + Z s dW s + Z s dB s , 8 e[t,t + 6\, 
Yt+8 = V, 

where X**> v is the solution to SDE IjOl . 

Then we have the generalized dynamic programming principle (Theorem 6.6 in Section 



2 in jag]) 

u{t, x) = ess inf E^G*'^[u(t + 5, Ajff )]. 



«(-)ev t , 3 



Suppose u is smooth with respect to ft, x), we can use the Ito -Wentzell's formula (see, 
e.g. [31]) and a similar procedure in [31] to obtain that the value function u formally 



satisfies BSPDE (15. ip . According to our theoretical results, u is a bounded random field. 
6. Appendix 

6. 1 . Proof of Proposition \3.S\ 

Suppose £ satisfies the following ODE 

£(t) = \\v + \\L°°(nxv) + J (Ai£(s) + ||Ao||L»)ds. 
Then for any t G T, we have 

c( .\ I|Aq||l°° / XUT-t) i \ i Ai (T—t) 1 1 + 1 1 

We will prove u(t,x) < £(t) a.e. (a;,x). 

Denote Mi := ||w||l°° + |MU°°(f}xi>)- Define a function on [—Mi, Mi] as follows 



e 2A«; _ (i + 2Aw + 2AV), when u G [0, Mi], 
0, when v G [-M 1 ,0]. 



By simple computation, we know \I/i has the properties: Vu G [—Mi, Mi] 

*i(«)>o, *;(«)> o, 

^(u) = ^ u < 0, 
< v^[{v) < 2 (Mi + 3)A^i(t»), 

xv' _ < o. 

i 2 1 ~ 
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By Lemma [2. 1[ we have 

/ x) -£(t))dx- [ ^(x) - £{T))dx 

JT> Jv 

y[(u(s,x) - Zis^UcFuri + a ik q k ) x i{s,x) + f(s,x,u(s,x),u x (s,x),q(s 

-(\i£{s) + \\\o\\u*,)}dxds-^J J ^'[ 2 dxds 

-If ^' 1 k (s,x)dxdW k . 
Jt Jv 

According to the integration by parts and Lemma 12.41 we have 

J* J {m/'v, + <7*y%*M - U>'[ 2 }dxd S 

— — J J ty"(u(s,x) - £(s))(a tj u x iU xJ + a ik u x iq k + ^\q\ 2 ^(s,x)dxds 
< J ^(u( S ,x)-as))(\u x \ 2 + \q\ 2 )(s,x)dxds. 

On the other hand, set Ai = Aj sgn(u), then 

f(s, x, u, u x , q) < A (s, x) + Aim + A/iod^l 2 + |g| 2 ). 
Noticing that (Ai — Ai)£(s) < 0, we have 

f(s,x,u(s,x),u x (s,x),q(s,x)) - (Ai£(s) + ||A ||l°=) 

< X (s,x) + Ai«(s,x) + A/i (K| 2 + |g| 2 )(s,x) - (Aif(s) + ||A ||l°°) 

< Ai(«(s, x) - £{s)) + (Ai - Ai)^(s) + \^{\u x \ 2 + |g| 2 )(s, x) 

< Ai(«(s, x) - f (s)) + AMM 2 + |g| 2 )(s, x). 

Thus, 

Jv Jv 

< I I ' \ x y x (u(s,x) - £(s))(u(s,x) - £(s))dxds 
Jt Jv 

+ JJ fM (A^[-^l){u{s,x)-Z{s))(\u x \ 2 + \qf 2 ){s,x)dxds 

- I I ^' k (s,x)dxdW k . 
Jt Jv 



17 



In view of the properties that ^ possesses, we have 



< / *i(iz(t, x) -£(t))dx 



v 



< 



[ [ 2(Afi + 3)AAi*i(u(s,x) -£(s))dxds 
Jt Jv 




iffi(s,x)dxdWg, a.s. 



t Jv 



Taking expectation on both sides of the above inequality, we get 



< E / ^ x {u{t,x) -£(t))dx 
Jv 



< 2(Mi + 3)AAi / E 



^i(u(s, x) — £(s))dx 



v 



ds. 



Gronwall's inequality yields 

E / ^i(u(t, x) - £(t))dx = 0, V t G T. 
Jv 

Due to ^i(v) > 0, it holds that for every t G T, 

#i(u(t,x) - £(*)) = 0, a.e. (u,x). 
The fact that ^/ i(v) = v < implies that for every t G T, 

u(t,x) <£(£), a.e. 
In the same way we can also prove that for every t G T, 

IIA 



u(t,x) > — - — - — (< 
So we obtain (13.21). 



o||L» /A 1 fr-rt _ i) _ e MT-*)| 
Ai 



Next we prove (13. 3p . Denote M 2 = ||w||l°° -Define a function \I/ 2 on [— M 2 ,M 2 ] as 

* M = J § A ~V A * ~ ( X + 2Aw )]' when u G [°> M2 ]' 
W \ * a (-u), when v G [— M 2 , 0]. 

It is easy to verify that \I/ 2 has the following properties: for every v G [— M 2 , M 2 ], 



* 2 (tO>0, *' 2 (o) = o, |*' 2 (t;)|< 
|^(«)-A|*^(«)| = 1. 



A 



18 



Applying Ito's formula to compute J v ^ 2 (u(t,x))dx, we have 
*$? 2 (u(t,x))dx - / y 2 (<p(x))dx 



— / / \ty' 2 (u(s, x))\(\o(s, x) + \\\u(s, x)\)dxds 

f T , \ (6-2) 

+ / / fi (X\%\ - -^)(u(s,x))(\u x \ 2 + \q\ 2 )(s,x)dxds 



- f [ v 2 k (s,x)dxdw!:. 

Jt Jv 



Since ^ 2 and ^>' 2 5 defined on the finite duration [— M 2 ,M 2 ], are of the same order as v 2 
and v near the zero respectively, there exist positive constants k±, k 2 , k 3 and /c 4 depending 
only on A and M 2 , such that 

hv 2 < ^ 2 (v) < k 2 v 2 , k 3 \v\ < \%(v)\ < k 4 \v\. 

Thus, 

n\ty' 2 (u(s, x))\Xq(s, x)dxds 

< I I \u(s, x)\ 2 dxds + - / / \l(s,x)dxds. 
2 Jt Jv 2 J t J v 

Taking expectation on both sides of (16. 2p . we obtain 

fj, E / / (\u x \ 2 + \q\ 2 )(s, x)dxds + kiK / \u(t, x)\ 2 dx 
Jt Jv Jv 

< k 2 E I \ip(x)\ 2 dx + \-E I I X 2 (s,x)dxds (6.3) 
Jv 2 J J v 

k 2 r T r 

+ (-£ + h\i) E \u(s,x)\ 2 dxds. 
2 Jt Jv 

Gronwall's inequality yields 

f 2 rfa 1 kl+2k 4 x l T 

supE / \u(t,x)\dx<(—\\ip(x)\\ L 2 {nxV) + —\\\ \\ L 2)e 2fc i 
teT Jv fc i 

Again from f!6.3p we deduce that 

II m z|Ih°(x>) + lkllH°(x>) — 

where C\ depends on ||^(x)||i2(Q X -p), ||Ao||l 2 , Ho, A, Ai and T. The proof of Proposition 
21 is complete. 
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6. 2. Proof of Proposition \3.3\ 

Since the sequence (u n ) n is monotone and bounded, there exists its limit function 
which we denote by u. Obviously u G L°°. By the monotone convergence theorem, 
hnijj-^Qo \\u — w n ||go/x)) = 0- 

We know from (I3.3P in Proposition 13.21 that for any iigN, 

iU/ n i|2 _i_ iin n ii 2 < 
ii" 1 1 h 1 (x») * ny iih°(d) — u i' 

So we can extract a subsequence {n'} of the sequence {n} and find functions t> G 
M^P; M d ) and g G H°(£>; M do ) such that 

u n ' — >■ f weakly in H 1 (P), 
g"' -> g weakly in H°(X>). 

The uniqueness of limit implies v = u. 
Next we finish the proof by three steps. 

Step 1. Due to the existence of the nonhomogeneous term /, the weak convergence of 
(u n , q n ) n i can not assure that the limit (u, q) is a weak solution to BSPDE fll.il) - (11.21) . 
Now we prove that the sequences (w") n and (q n ) n converge strongly in M°(V). 

We first deduce from condition (b) that for any n, m G N, 

\f n (t, x, it™, <, q n ) - f m (t, X, u m , <\ q m ) | 
< 2A 2 (t, x) + 5AMK - <T + \K ~Ux\ 2 + \u x \ 2 (6.4) 

+ | g n_ ? m|2 + | g n_ ? |2 + | g | 2) _ 

Define a function \l/3 on [0, 2M] as follows 

•.M^^-H)*,-!), 
It is easy to verify that \l/3 is an increasing function and that 

%(0) = tf 3 (0) = 0, ^-10A* 3 = 1. 
For notational simplicity, we denote u°° — u, q°° = q, 

By Lemma 12.11 and the integration by parts, we have 

/ * 3 (SZ m (0,x))dx- [ ^ 3 (5^ m (T,x))dx 
Jv Jv 

= f ( %(K> m (t,x)){P(t,x,u n ,u n x ,q n ) - f m (t,x,u m ,u™,q m )}dxdt 
Jo Jv 

Jo Jv 

-III *" s (5Z m (t,x))\8^(t,x)\ 2 dxdt 
* Jo Jv 

-II %(5:> m (t,x)W m (t,x)dxdW t . 
Jo Jv 
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Noticing ty' 3 > 0, Lemma [2.41 and ( 16. 4p . we have 



v 



MK' m (0^))dx- / * 3 (S* m {T,x))dx 



v 



< 



[ [ %(8:> m ) x [2A 2 + 5A/i (|(C' m ),| 2 + W' m \ 2 
Jo Jv 

+ \{K'°°U 2 + K°°\ 2 + K\ 2 + \q\ 2 )}(t,x)dxdt 

-7? n ^(s:n[mn,\ 2 +K m \ 2 ](t,x)dxdt 



JV 



T 




y' 3 (5"' m (t, x))5 n q m (t } x)dxdW t . 

'0 Jv 

Taking expectation on both side of the above inequality, we get 

e / * 3 (s:' m (o,x))dx-v E f 1 5\%(5:nmn,\ 2 + \^ oo \ 2 }(t,x)dxdt 

Jv Jo Jv 




o Jv 



1 

L2 



- 5A^ 



<e/ y 3 (5% m (T,x))dx + E [ [ %(6^ m )[2X 2 + 5\fi (\u x \ 2 + \g\ 2 )](t,x)dxdt. 
Jv Jo Jv 

Letting m tend to infinity along the subsequence {n 1 }, together with the fact that u r 
converges pointwise to u, we can deduce from the dominated convergence theorem that 

e / y 3 (6z°°(o,x))dx-fi E f 1 5\%(5:nmn x \ 2 + K^\ 2 ]^ x ) dxdt 

Jv Jo Jv 

*s - 5A*' 3 ] (Kmmn.i 2 + K m \ 2 Kt, x ) dxdt 

<E / ^ 3 (6^(T,x))dx + E f T [ %(6:' oo )[^2 + 5Xfi (\u x \ 2 + \q\ 2 m,x)dxdt. 
Jv Jo Jv 



+ lim /ioE 

{n'}3m->oo JO JV 




In virtue of the weak convergence of the two sequences («"')«' and (q n ') n ', we have 



E 




%{K ,co )[\{K'°°)x\ 2 + \5"> co \ 2 }(t,x)dxdt 



o Jv 



T 



< iim e / I %(s:ni\(Kn*\ 2 + K m \ 2 }(t,x)dxdt. 



{n'}3m->oo JO JV 



Since |*{[ - 10A^ 3 = 1 , we have 



E I ^ 3 (5^(Q,x))dx+ lim /i E ft [\{6% m ) x \ 2 + \5^ m \ 2 ](t,x)dxdt 

Jv {Ti'}9m->oo Jo Jv 

<E / ^ 3 (C°°(T,x))dx + E / / $ 3 (C 00 )[2A 2 + 5A / uo(|^r + |g| 2 )](t, 
Jv Jo Jv 
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The resonance theorem yields that 



E f ^ 3 (C 00 (0,x))dx + /ioE / / [\(52°°) x \ 2 + \S?°°\ i ](t,x)dxdt 
Jv Jo Jv 

<E / * 3 (<C 00 (T,z))dx + E / / ^(C°°)[2A 2 + 5A/io(|^r + |g| 2 )](t, 

Noticing again u 11 converges pointwise to u, 5™'°° converges to 0. Therefore, the dominated 
converge theorem yields 

hm E f T f [\(%>") x \* + \S?>°°\ 2 ](t,x)dxdt = 0, 



n— >oo 



'0 JV 

which implies that (u™) n and (q n ) n converge strongly to u x and q in M°(V), respectively. 

Step 2. We prove that (u, q) is a weak solution to BSPDE fll.ip - fll.2B . To this end, we 
need the following lemma, the proof of which can be obtained by the same argument as 
that used in Lemma 2.5 in jljj |. 

Lemma 6.1. Suppose a sequence {v n ) n converges to v strongly in M°(V). Then there 
exists a subsequence (v Uk )k such that {v nk )k converges to v a.e. and v := sup fc |v nfc | G 
H°(£>). 

According to the above lemma, we can extract a subsequence {nk} such that 

u n x k — > u x , dF x dt x dx-a.e. and v := sup fc \u x k \ G H°(P), 
q nk -> q, dF x dt x dx-a.e. and q := sup fc |g nfe | G H°(Z>). 

Then it follows from condition (a) that for a.e. (u,t,x) G Q x T x T>, 

lim f nh (t,x,u nh (t,x) 1 u x k (t,x),q Uh (t,x)) = f(t,x,u(t,x),u x (t,x),q(t,x)). 

k— >oo 

On the other hand, we have 

\f nk (t,x,u nk ,u n x k ,q nk )\ < X 2 (t,x) + X t x sM\< k \ 2 + \Q nk \ 2 ) < Ht,x) + \fi (\v\ 2 + \q\ 2 ). 

k 

The dominated convergence theorem yields 

f nk (t, x, u nk (t, x) , u n x k (t,x), q nk (t,x)) 



lim E 

fe— >oo 




JV 



-fit, x, u(t, x), u x (t, x), q(t, x)) 



dxdt = 0. 



In view of the strong convergence of (u x k ) and (q nk ) in W°(T>), we obtain that (u, q) is a 
weak solution to BSPDE ffLl]) -ffL2l). 

Step 3. Finally we prove that u G L 2 (rt;C(T ;L 2 (V))). Applying Ito's formula to 
\\u nk (t, ■) — u ni (t, •) Hx,2(x>) an< ^ proceeding several standard computation, we get that 

Esup||w nfc (V) -u n '(t r )\\ 2 L2 
teT 

< E [ [ \u nk - u ni \\f nk - f ni | dxds + E sup I [ {u nk - u ni ){q nk - q ni ) dxdW s 

Jo Jv teT Jo Jv 

< 2ME [ [ \f nk - f n '\dxds + lEsup\\u nk (t,-) -u n '(t,-)\\ 2 L2 + C\\q nk - q n % . 

Jo Jv * teT 
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Hence it is easy to see that 

Esup \\u nk {t, ■) -u ni (t,-)\\ 2 L2 as k,l^oo, 

ter 

which implies that {u nk } is a Cauchy sequence in L 2 (Q; C(T; L 2 (£>))), and thus its limit 
u G L 2 (Q; C(T; L 2 (T>))). The proof of Proposition 13.31 is complete. 
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